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Abstract 

This paper presents a numerical analysis of magnetohydrodynamic (MHD) boundary 
layer flow of Jeffrey fluid over a porous unsteady shrinking sheet considering the suction 
parameter. The governing nonlinear partial differential equations are converted into 
ordinary differential equations by using a similarity approach. Numerical solutions of the 
nonlinear ordinary differential equations are found by using Runge-Kutta fourth order 
(RK4O) method with shooting technique. Effects of different parameters on velocity 
profiles are displayed graphically for both Newtonian (i.e. ) and non-Newtonian (i.e.  ) 
flow cases. In addition, the skin friction coefficient is analyzed with the help of graphs 
and tables, which makes excellent agreement with the previous results. Finally, it is 
found that the skin friction coefficient as a function of suction parameter increases by 
enhancing the values of unsteady parameter while it decays by increasing the Jeffrey 
parameter. 
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Nomenclature 

v  Kinematic viscosity  
          Electric conductivity of the fluid  
          Fluid density  

1          Jeffrey fluid parameter. 

M   Hartmann number 

    Dimensionless unsteady parameter 

S  Suction parameter  

fC
      Skin friction coefficient  
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w        Skin friction   

 

1. Introduction 

The boundary layer equations play a significant role in many aspects of fluid mechanics. The steady 

incompressible viscous fluid over a shrinking sheet has many applications in manufacturing industries and 

technological process such as glass fiber production, wire drawing, paper production, metal and polymer 

processing industries and many others. Carane (1970) first considered the steady laminar boundary flow of 

a Newtonian fluid caused by a linearly stretching flat sheet and found an exact similarity solution in closed 

analytical form. Lok et al. (2011) discussed on magnetohydrodynamic (MHD) stagnation point flow towards 

a shrinking sheet. Zaimi et al. (2014) presented flow past a permeable stretching/shrinking sheet in a 

Nanofluid using two phase model. MHD stagnation point flow over a nonlinearly stretching/shrinking sheet 

was illustrated by Jafar et al. (2013). Stagnation point flow over a shrinking sheet in a micropolar fluid was 

discussed by Ishak (2010). Zaimi et al. (2014) discussed boundary layer flow and heat transfer over a 

nonlinearly permeable stretching/shrinking sheet in a nanofluid. Stagnation point flow and heat transfer of 

a magneto micropolar fluid towards a shrinking sheet with mass transfer and chemical reaction was 

established by Batool and Shraf (2013). Bhattacharyya et al. (2013) presented an exact solution for boundary 

layer flow of Casson fluid over a permeable stretching/shrinking sheet. Dual solutions in MHD stagnation 

point flow of Prandtl fluid impinging on shrinking sheet explained by Akbar et al. (2014). Effects of heat 

source/sink on MHD flow and heat transfer over a shrinking sheet with mass suction has been discussed by 

Bhattacharyya (2011). Heat transfer on MHD stagnation point flow in nanofluid past a porous 

shrinking/stretching sheet with variable stream condition in the presence of blowing at the surface was 

examined by Balachandar et al. (2015). Jain et al. (2015) analyzed effects of MHD on boundary layer flow in 

porous medium due to exponentially shrinking sheet with slip. Numerical solution of two-dimensional 

stagnation flows of micropolar fluids towards a shrinking sheet by using SOR iterative procedure was 

presented by Shafique et al. (2015). Very recently a number of boundary layer micropolar fluid flow studies 

were reported in the literature (Anika et al. 2013 & 2015) using finite difference method (FEM). Nadeem et 

al. (2015) analyzed MHD boundary layer flow over an unsteady shrinking sheet, by analytical and numerical 

approaches. Rosali et al. (2015) discussed rotating flow over an exponentially shrinking sheet with suction. 

Yasin et al. (2016) studied on MHD heat and mass transfer flow over a permeable stretching/shrinking sheet 

with radiation effect.  

The significance of non-Newtonian fluids in boundary layer flow has increased due to their extensive 

industrial and technological applications. The usual Navier-Stokes equation flops to define the characteristics 

of these kinds of flows. It is worth noting that such fluids cannot be examined by a single constitutive 

relationship between shear stress and rate of strain (Raju et al., 2017). The non-Newtonian materials are 

employed in different applications associated to biological sciences, geophysics and chemical and petroleum 

processes (Hayat et al., 2016). The examples of non-Newtonian fluids include drilling muds, soaps, sugar 

solution pastes, clay coating, lubricant, certain oils, colloidal, apple sauce, foams, ketchup and suspension 

solutions. There are three types of non-Newtonian fluids namely differential, integral and rate types. Rate 

type fluids describe the impact of relaxation and retardation time. Jeffrey fluid is one of the rate type 

materials, which shows the linear viscoelastic effect of fluid; it has many applications in polymer industries. 

Hayat et al. (2012) studied the power law heat flux and heat source with Jeffrey fluid, radiation and porous 
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medium. Hamad et al. (2013) analyzed the thermal jump effects on boundary layer flow of a Jeffrey fluid near 

the stagnation point with stretching/shrinking sheet and variable thermal conductivity. Farooq et al. (2015) 

examined the Newtonian heating in MHD flow of Jeffrey fluid. Abbasi et al. (2015) examined influence of heat 

and mass flux conditions in hydromagnetic flow of Jeffrey nanofluid. Reddy et al. (2015) analyzed the flow 

of Jeffrey fluid between torsionally oscillating disks. Many researchers (Raju et al., 2016 & 2017; Nadeem et 

al., 2009; Hoque et al., 2013 & 2015; Beg et al., 2014) analyzed non-Newtonian fluid characteristics over 

various geometries and flow characteristics.    

In this study, we analyze MHD Jeffrey fluid over a porous unsteady shrinking sheet considering the effect of 

suction parameter. After the self-similarity transformation, the boundary governing equations are solved 

numerically using Runge-Kutta fourth order (RK4O) method with shooting technique (Bhukta et al., 2016; 

Tripathy et al., 2016). The simulations are carried out for both Newtonian ( 1 0 =
) and non-Newtonian (

1 0.5 =
) flow cases. The variations in physical characteristics of the flow dynamics for several parameters 

involved in the equations are discussed in detail.  

2. Mathematical Formulation  

Consider the MHD boundary layer flow of an electrically conducting Jeffrey fluid over an unsteady porous 

shrinking sheet (Fig. 1). The time dependent magnetic field 
( ) ( )

1

0 1B t B t
−

= −
is applied along the direction 

normal to the shrinking sheet. Due to the small magnetic Reynolds number, the induced magnetic field is 

neglected in the present analysis. It is assumed that the x- axis is parallel to the porous surface and y-axis is 

normal to it.  The shrinking sheet velocity 
( ) 0,

1
w

U x
U x t

t

−
=

−  and wall mass transfer velocity 

( ) ( ) 0, 0
1

w

U v
x t f

t



= −

−  (where U0 is a constant having a dimension of 1/time) are assumed to be varying 

linearly from the origin O, as shown in Fig. 1.  

 

Fig. 1: Physical model of the flow (Nadeem et al., 2015). 

Under the above assumptions, the governing equations of this problem can be expressed as follows (Nadeem 

et al., 2015): 
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where u and v are the velocity components along the x and y directions, respectively. 






 
= 
  is the 

kinematic viscosity,   is the electric conductivity of the fluid,  is the density of the fluid and 1  is the Jeffrey 

parameter. 

The appropriate boundary conditions of Eqs. (1)- (2) are  

( ) ( ) ( ) ( )

( )

, , , , , , , 0

, , 0

w wu x y t U x t x y t x t at y

u x y t as y

 = = → 


= →               (3) 

Introducing the stream function  , the velocity components u and v can be written as 

u
y


=
 and

v
x


= −

                                                                                                      (4)                                                            

The mass conservation Eq. (1) is satisfied automatically for Eq. (4), while the momentum Eq. (2) takes the 

following form 

( )22 2 2 3

2 3

11

B tv

y t y x y x y y y

      

 

      
+ − = −

       +             (5)                                                                   

The corresponding boundary conditions Eq. (3) for the velocity components reduce to  

( ) ( ), , , 0

0

w wU x t x t at y
y x

as y
y

 




  
= = − =   


 = →

                                                                                (6) 

Now we introducing the dimensionless variables for  as  

( )
( )

( ) ( )

0 0

0 0

,
1 1

,
1 1

vU U
xf y

t v t

U x U v
u f f

y t x t

  
 

 
  

 


= = 

− − 


  
= = = − = −  −  −                                                                      (7)                                                               
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With the help of Eq. (7), the self-similarity transformation of the momentum equation takes the following 

form 

( )2 2

1

1
0

1 2
f M f f ff f


 


    − + − + − =

+
                                                            (8) 

The corresponding transformed boundary conditions are  

, 1 0

0

f S f at

f as





= = − = 


→ →                                                                                             (9)                                                            

where 

2
2 0

0

B
M

U




=

 is the Hartmann number, 0U =
is the dimensionless unsteady parameter, 

1 2

0

1
w

t
S

U v




 −
= −  

  is  the suction parameter and 1 is Jeffrey parameter. 

The quantity of the physical interest in this study is skin friction coefficient fC
, which is defined as 

2

1

1

1

w
f

w

C
u



 
=

+                                                                                                                  (10) 

where the skin friction w is  

1 0
1

w

y

u

y





=

 
=  

+                                                                                                                (11) 

 Using the Eq.  (7) we will get 

( )1 2

0
1

1
Re

1
x fC f




 =
=   +

                                                                                             (12) 

where
Re wU x

v
=

. 

3. Method of solution 

Eq. (8) with the corresponding boundary conditions (Eq.9) is solved numerically using Runge-Kutta fourth 

order (RK4O) method with shooting technique. Initially, the nonlinear ordinary differential equation is 

converted to first order ordinary differential equation, by using the following procedure:  

 
' 2, '' 3, 1,G y G y G y= = =

                    (13) 
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2 2

1 2 3 1 3 2'' (1 ) ( )
2

G M y y y y y


  
 

= + + + − + 
       (14) 

With the boundary conditions as   

 2

1 , 2 1, at 0

y 0, at

y S y 



= = − →

= →
        (15) 

We guess the values of 3(0)y
, which are not given at the initial conditions. Eqs. (13)-(15) are subsequently 

solved using the RK4O method with shooting technique where the consecutive iterative step length is 0.01. 

4. Results and Discussion 

In the present study, the numerical simulations are performed for several values of dimensionless 

parameters such as Hartmann number M, Jeffrey parameter 1 , Suction parameter S and unsteady 

parameter  . The variations of skin friction coefficients 

( )

1

0

1

f





+
for various values of unsteady parameter   

and suction parameter S  are summarized in Table 1 and 2, respectively. In the absence of Jeffrey parameter

1 0 =
, the present results make a good agreement with Nadeem et al. [18].  

Table 1: Skin friction coefficient 1

(0)

1

f





+ for different values of unsteady parameter   with 1S = and 2M =  

  Present study, 1 0 =
 

Nadeem et al. (2015) 

0 2.302776 2.30277 

1 2.488881 2.48888 

 

Table 2: Skin friction coefficient 1

(0)

1

f





+ for different values of suction parameter S  with 3 = and 1M =  

S  Present study, 1 0 =
 

Nadeem et al. (2015) 

1 2.053522 2.05352 

3 3.507663 3.50767 
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In order to validate the present numerical results, the computed velocity profile of the present study is 

compared with the results reported by Nadeem et al. (2015), as shown in Fig.2. The plotted velocity profile 

in the absence of the Jeffrey parameter ( 1 0 =
) precisely overlaps over the velocity field of Nadeem et al. 

(2015), thus proving the accuracy of the present simulation.  The velocity profiles over steady shrinking 

sheet ( 0 = ) for several values of suction parameter S  are depicted in Fig 3 considering both Newtonian (

1 0 =
), non-Newtonian ( 1 0.5 =

) cases. It is evident that momentum boundary layer thickness is enhanced 

by increased S .  

 

Fig. 2: Velocity profile when 0.5, 1S = − =  and 2M = . 

 

Fig. 3: Velocity profile for several values of S . 
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Fig. 4: Velocity profiles for several values of  . 

Fig.  4 shows the effect of unsteady shrinking sheet parameter  on the velocity profile for both Newtonian 

and non-Newtonian cases. It is clear that the velocity increases with increasing values of unsteady parameter 

  and consequently the boundary layer thickness decreases by increase of  . The influence of Hartmann 

number M on the velocity profiles for both Newtonian and non-Newtonian cases is shown in Fig 5. It is 

noticed that the velocity increases with increasing M  and consequently the boundary layer thickness 

decreases. Physically the present phenomenon occurs when magnetic field induces current into the 

conductive fluid creating a resistive type force in the fluid within the boundary layer that shows down the 

moment of the fluid. Hence, the magnetic field is used to control the boundary layer separation. 

The velocity profiles for several values of Jeffrey parameter 1  is shown in Fig 6. It is noticed that with 

increase of 1 , the velocity increases and consequently the boundary layer thickness decreases. The variation 

of skin friction coefficient as a function of suction parameter S  for different values of  and 1  are plotted 

in Fig. 7 and Fig. 8 respectively. It is noticed that the skin coefficient increases with increasing values of 

while a reverse behavior is also observed for different values of 1  . It is worth to note that these observation 

makes an excellent agreement with Nadeem et al. (2015). 

3. Conclusions 

In the present study, MHD boundary layer flow of Jeffrey fluid over a porous unsteady shrinking sheet has 

been investigated using the RK4O method associated with shooting technique. It is found that the velocity 

profile enhances by increasing the values of Hartmann number M , Jeffrey parameter 1 , suction parameter 
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S and unsteady parameter   , for both Newtonian and non-Newtonian cases. The skin friction coefficient as 

a function of suction parameter increases by enhancing the values of   while it decays by increasing 1 . In 

addition, the present study accords well with the results of Nadeem et al. (2015) in the absence of Jeffrey 

parameter. In future, the effect of gyrotactic microorganism on the Jeffery fluid over a porous shrinking sheet 

will be investigated following the work of Raju et al. (2017). 

 

Fig. 5: Velocity profiles for several values of M . 

 

Fig. 6: Velocity profiles for several values of 1 . 
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Fig. 7: Skin friction coefficient for several values of   against S . 

 

Fig. 8: Velocity profiles for several values of 1  against S . 
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